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1.1 ??????
??????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
??????????????????????????????????
???????????????????????????IEEE 754-1985 ????
????????????????IEEE 754-1985 ????????????????
?????????????????????????????????????????
?????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????
???????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
???????????????????????????????? (??????)
???????????????????????????????????????
8 ? 1? ??
???????????? IEEE 754-1985 ????????????????????
????????????????????????????????????????
IEEE 754-1985 ?????????????????????????????????
? 4??????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
?????????
???????????????????????????????
???????????????????????????????????????
Rump?????????????????????????????????????
???????????????????????????????????????
??Rump????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
???????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
?????
???????????????????????????????????????
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????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
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????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????
??????????????? ????????????????????????
??????????MATLAB ?????????????????????????
?????????????????????? (op) ??????????
1.2 ??????
? 1?????????????????????????????????????
??????????????????????????
? 2?????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????
? 3???????????????????????????????Rump???
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????
? 4?????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
???????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
???????????????????????????????????????
????????????????????????
? 5????????????????????????????
10 ? 1? ??
1.3 ????????
??????????????????????????IEEE 754-1985 ??????
?????????????. ????????????????IEEE 754-1985 ???
?????????
1.3.1 ??????
IEEE 754-1985 ????????????????????????????????
??????????????IEEE 754-1985 ??????????????????
???????????Normalized Numbers????Zeros????????Denormalized
Numbers?????????????Innities??NaNs??????????
????
0 ? 1 ??? di ???
a = 

1
20
+
d1
21
+
d2
22
+
d3
23
+   + dN 1
2N 1

 2e; (1.1)
??????????????emin ??????emax ?????????e ? emin 5
e 5 emax ?????????
m = 

1
20
+
d1
21
+
d2
22
+
d3
23
+   + dN 1
2N 1

(1.2)
????????signed mantissa?????e ????exponent??????? e ???
??????????????4 byte = 32 bit??????8 byte = 64 bit???????
?16 byte = 128 bit???????????????????????????????
???????
??? N = 24;  126 5 e 5 127
??? N = 53;  1022 5 e 5 1023
????? N = 64;  16382 5 e 5 16383
(1.3)
?????????????????????????????IEEE 754-1985 ????
????????????????????????
?????????????
xmax =

1
20
+
1
21
+
1
22
+
1
23
+   + 1
2N 1

 2emax (1.4)
??????????
xmin = 2emin (1.5)
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?????????????
1
20
+
1
21
+
1
22
+
1
23
+   + 1
252

 21023 = 1:79769     10308 (1.6)
2 1022 = 2:22507     10 308 (1.7)
????jxj > xmax ????????????overow?????????
??????????????????? 53????????
2 53 = 1:110223     10 16 (1.8)
????????????????? 16????????
??????????????????????? F ????
?
???????
+

0
20
+
0
21
+
0
22
+
0
23
+   + 0
2N 1

 2emin (1.9)
??????
?????
IEEE 754-1985 ?????????????????? emin ?????????
??????? 1 ???????????????????????? 1 ?????
??????? 0 ??????????????????????????????
?denormalized number??????????????????????????????
?gradual underow?????
???????????????
2 1074 = 4:940656     10 324 (1.10)
???????????????????underow?????????
???????????????? U ????
???????
?????IEEE 754-1985 ????????????????????????
 Inf (Innity) ???????????????????????????
 NaN?Not a Number?? p 5;11 ; +1; +( 1) ?????????????
??????
 0 ?????????? 1 ????????????????
12 ? 1? ??
1.3.2 ???????
??
IEEE 754-1985 ???????????????????????????????c
???????
 ???????round upward? 4 : R! F
c ???????????????????????
 ???????round downward? 5 : R! F
c ???????????????????????
 ????????round to nearest?  or  (  ) : R! F
c??????????????????????????? 2????????
??????????????????????????????????????
 ?????round toward 0?
???? c ?????????????? c ??????????
????
IEEE 754-1985 ????????????????????????????????
????????????????????????????????????????
??????????????????  2 f+; ;; =g ??????????????
?????  2 f;	;
;g ??????? x; y 2 F ?????
x y = (x  y) (1.11)
????????????????????????????????????????
????????????????????????????????????????
???????????????????????????????????????
????????????????????????????????????????
????????
???????????????????????????????????????
????????????????????????????????????????
??????????????????????????
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1.3.3 ??????????????
eps?eta
eps????????????????????? 1:0 ??????????????
???????*1????eta??????????????????????????
???????????IEEE 754-1985 ??????????????
eps = 2 53 (1.12)
eta = 2 1074 (1.13)
????????1
2
eps 1eta ???????????????????????????
?????f 2 F ?????
f 2 U () 0 5 jf j 5 1
2
eps 1eta (1.14)
??????
a; b 2 F ??????????????
j"j 5 eps (1.15)
???? " ????
 (a b) = (a b) (1 + ") (1.16)
????????????????????
ja bj 5 eps 1eta =)  (a b) = a b (1.17)
 (a b) = 0 () a =  b (1.18)
????????? (1.16) ?? eta?????????????
ufp?ulp
ufp ?? "unit in the rst place" ???????
0 6= r 2 R =) ufp (r) := 2blog2jrjc (1.19)
??????????ufp (0) := 0 ?????????????????? f ?????
??????????????????????????????f ?????????
*1 eps??????????????????????????????????1:0 ?????????
?????????????[1]
14 ? 1? ??
????? ufp (f) ??????????? 2eps  ufp (f) ?????????????
?? "unit in the last place (ulp)" ?????????
ulp (f) = 2eps  ufp (f) (1.20)
????????????????????????????????????????
?????????????
0 5 r 2 R =) ufp (r) 5 jrj < 2ufp (r) (1.21)
r; r0 2 R; ufp (r) 5 jr0j =) ufp (r) 5 ufp (r0) : (1.22)
pred?succ
?????? f ???????????????????????????????
? f ????????????????????????????????????
pred (r) :=max ff 2 F : f < rg (1.23)
succ (r) :=min ff 2 F : r < fg : (1.24)
ufp ??????pred ? succ ??????????
f =2 U; jf j 6= ufp (f) =) pred (f) = f   2eps  ufp (f) ; (1.25)
succ (f) = f + 2eps  ufp (f) : (1.26)
f =2 U; jf j = ufp (f) =) pred (f) = (1  eps) f; (1.27)
succ (f) = (1 + 2eps) f: (1.28)
f =2 U; jf j =   6= ufp (f) =) pred (f) = (1 + 2eps) f; (1.29)
succ (f) = (1  eps) f: (1.30)
f 2 U =) pred (f) = f   eta; (1.31)
succ (f) = f + eta: (1.32)
?????? f ????
pred (f) 5 f   eps  ufp (f) 5 f + eps  ufp (f) 5 succ (f) (1.33)
?????f =2 U ????
f   2eps  ufp (f) 5 pred (f) 5 succ (f) 5 f + 2eps  ufp (f) (1.34)
???????????????????? U ?????????? 1
2
eps 1eta ??
?????????
?? succ (x) ? pred (x) ???????????? Algorithm 1?Algorithm 2 ?
???
????? abssucc ? abspred ???????????Algorithm 3 ?Algorithm 4
???????
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Algorithm 1 ??????????????????
x 2 F ???????????????? y 2 F ????????
function y = succ (x)
? if x = 0
? y = abssucc(x);
? else
? y =  abspred( x);
? end
end
Algorithm 2 ??????????????????
x 2 F ???????????????? y 2 F ????????
function y = pred (x)
? if x = 0
? y = abspred(x);
? else
? y =  abssucc( x);
? end
end
Algorithm 3 ??????????????????????
x 2 F ???????????????????? y 2 F ????????
function y = abssucc (x)
? if x = 2 1022
? y = x
1  2 53 ;
? else
? y = x+ 2 1074;
? end
end
?
16 ? 1? ??
Algorithm 4 ??????????????????????
x 2 F ???????????????????? y 2 F ????????
function y = abspred (x)
? if x = 2 1022
? y =
 
1  2 53x;
? else
? y = x  2 1074;
? end
end
1.4 ???????????
???????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
???????????
???????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
??????? 15 ?????????????????? 15 ???????????
????????????????????????????????????????
??????????????????????????????
??????????????????????????????????????
???????????????????????????????????interval
analysis????????????????????????????????????
???? 1950?????????????????1960??????????????
????????????????????????????????????
???????????????????????????????????????
???????????????????????????????????????
???
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1.4.1 ??????????
??????????
???????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
??????
?????????????? x 2 R ?????
[x; x] = fx j x 5 x 5 xg (1.35)
???????????????????x 5 x 2 R ????????????????
???????????????????
[x] = [x; x] (1.36)
????????????? [x] ?????????? [x] = [x; x] ?????????
x = x ????? [x] ?????point interval???????????????????
? [x] ?????? x ?????????
?? [x] ????????????
d ([x]) = x  x; (1.37)
r ([x]) =
x  x
2
; (1.38)
m ([x]) =
x+ x
2
: (1.39)
d ([x]) ; r ([x]) ;m ([x]) ??????? [x] ?????????????
?? [x] ?????? mig ?????? mag ????????????
mig ([x]) = h[x]i = minfjxj jx 2 [x]g (1.40)
mag ([x]) = j[x]j = maxfjxj jx 2 [x]g = maxf x; xg (1.41)
????? [x]; [y] ?????????????????????????????
[x]  [y] = fx  y j x 2 [x]; y 2 [y]g (1.42)
???? 2 f+; ;; =g ?????????????????????????
Algorithm 5 ??????
Algorithm 5?????????????????????????????????
?????????????????????????????Algorithm 6?Algorithm
7 ????
18 ? 1? ??
Algorithm 5 ???????????????
??????? [x] = [x; x] ; [y] =

y; y

?????????
[x] + [y] = [x+ y; x+ y] (1.43)
[x]  [y] = [x  y; x  y] (1.44)
[x] [y] = [minfxy; xy; xy; xyg; maxfxy; xy; xy; xyg] (1.45)
[x]
[y]
= [x]

1
y
;
1
y

(0 =2 [y]) (1.46)
Algorithm 6 ??????????
??????? [x] = [x; x] ; [y] =

y; y

??????????
[x] < 0 [x] 3 0 [x] > 0
[y] < 0 [xy; xy] [xy; xy] [xy; xy]
[y] 3 0 [xy; xy] [min(xy; xy); max(xy; xy)] [xy; xy]
[y] > 0 [xy; xy] [xy; xy] [xy; xy]
Algorithm 7 ??????????
??????? [x] = [x; x] ; [y] =

y; y

??????????
[x] < 0 [x] 3 0 [x] > 0
[y] < 0

x=y; x=y

[x=y; x=y]

x=y; x=y

[y] > 0

x=y; x=y
 
x=y; x=y
 
x=y; x=y

?????????????????????
[x]  [x0]; [y]  [y0] =) [x]  [y]  [x0]  [y0];  2 f+; ;; =g (1.47)
??????
?????????????????????????
[x]  [y] = [y]  [x];  2 f+;g (1.48)
[x]  ([y]  [z]) = ([x]  [y])  [z]:  2 f+;g (1.49)
???????????????????????  [x] = [ x;  x] ?????
0 = [0]  [x]  [x] = [x  x; x  x] (1.50)
1 = [1]  [x]=[x] (1.51)
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???????????????? [x] ???????????????
???????????????????????????????????????
[x] ([y] + [z])  [x] [y] + [x] [z] (1.52)
????????????? [y] ? [z] ???????????????
????????????
??????????????????????????????????????
???????????????????????????????????????
???????????????????????????????????????
???????????????????????????????????? F ??
??????????IF = f[x] 2 IR jx; x 2 Fg ????IF ????????????
???????????????????????????????????????
[a; b] 2 IR ??? [c; d] 2 IF ??????  : IR ! IF ?
[x]  [x] (1.53)
???????? [x]; [y] 2 IR ?????????????????
[x] = [x] (1.54)
[x]  [y] =) [x]  [y] (1.55)
 ( [x]) =  [x] (1.56)
IEEE 754-1985 ?????????
[x] = [5 (x) ; 4 (x)] (1.57)
????????????????????????????????????????
??????????? Algorithm 8{Algorithm 11 ????????
20 ? 1? ??
Algorithm 8 ???????????
??????? x = [x; x] ? y =

y; y

????????????????????
????????? z ????????
z = [z; z]  [x; x] + y; y : (1.58)
function z = infsup-roundupdown-plus (x; y)
z = 5  x+ y ;
z = 4 (x+ y) ;
end
Algorithm 9 ???????????
??????? x = [x; x] ? y =

y; y

????????????????????
????????? z ????????
z = [z; z]  [x; x]  y; y : (1.59)
function z = infsup-roundupdown-minus (x; y)
? z = 5 (x  y) ;
? z = 4  x  y ;
end
?
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Algorithm 10 ???????????
??????? x = [x; x] ? y =

y; y

?????????????????????
?????? z ????????
z = [z; z]  [x; x] y; y : (1.60)
function z = infsup-roundupdown-times (x; y)
? if x > 0
? if y > 0
? z = 5  xy ; z = 4 (xy) ;
? elseif y < 0
? z = 5  xy ; z = 4 (xy) ;
? else
? z = 5  xy ; z = 4 (xy) ;
? end
? elseif x < 0
? if y > 0
? z = 5 (xy) ; z = 4  xy ;
? elseif y < 0
? z = 5 (xy) ; z = 4  xy ;
? else
? z = 5 (xy) ; z = 4  xy ;
? end
? else
? if y > 0
? z = 5  xy ; z = 4  xy ;
? elseif y < 0
? z = 5 (xy) ; z = 4 (xy) ;
? else
? z = min
 5 (xy) ;5  xy ; z = max  4  xy ;4 (xy) ;
? end
? end
end
22 ? 1? ??
Algorithm 11 ???????????
??????? x = [x; x] ? y =

y; y

?????????????????????
?????? z ????????
z = [z; z]  [x; x] = y; y : (1.61)
function z = infsup-roundupdown-divide (x; y)
? if x > 0
? if y > 0
? z = 5  x=y ; z = 4 (x=y) ;
? elseif y < 0
? z = 5  x=y ; z = 4 (x=y) ;
? else
? Error;
? end
? elseif x < 0
? if y > 0
? z = 5 (x=y) ; z = 4  x=y ;
? elseif y < 0
? z = 5 (x=y) ; z = 4  x=y ;
? else
? Error;
? end
? else
? if y > 0
? z = 5  x=y ; z = 4  x=y ;
? elseif y < 0
? z = 5 (x=y) ; z = 4 (x=y) ;
? else
? Error;
? end
? end
end
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1.4.2 ??????????
??????????
???????????????????????????????????????
????????????????????????????????????????
???????????Algorithm 12?????????
Algorithm 12 ???????????????
??????? <  >=< c; r >; <  >=< c; r > ?????????
<  > + <  > =< c + c; r + r > (1.62)
<  >   <  > =< c   c; r + r > (1.63)
<  >  <  > < cc; jcjr + jcjr + rr > (1.64)
<  >
<  >
=<  >  1
<  >
=
1
2c   2r
(<  >  <  >) (0 =2<  >)
(1.65)
????????????
?????????????????????????????? Algorithm 13{
Algorithm 16 ????????
Algorithm 13 ???????????
??????? x =< xc; xr > ? y =< yc; yr > ????????????????
??????????? z ????????
z =< zc; zr >< xc; xr > + < yc; yr > : (1.66)
function z = midrad-roundupdown-plus (x; y)
? zc = 5 (xc + yc)
? ec = 4 (xc + yc   zc)
? zr = 4 (xr + yr + ec)
end
24 ? 1? ??
Algorithm 14 ???????????
??????? x =< xc; xr > ? y =< yc; yr > ????????????????
??????????? z ????????
z =< zc; zr >< xc; xr >   < yc; yr > : (1.67)
function z = midrad-roundupdown-minus (x; y)
? zc = 5 (xc   yc)
? ec = 4 (xc   yc   zc)
? zr = 4 (xr + yr + ec)
end
Algorithm 15 ???????????
??????? x =< xc; xr > ? y =< yc; yr > ????????????????
??????????? z ????????
z =< zc; zr >< xc; xr >  < yc; yr > : (1.68)
function z = midrad-roundupdown-times (x; y)
? zc = 5 (xcyc)
? ec = 4 (xcyc   zc)
? zr = 4 (jxcj yr + xr jycj+ xryr + ec)
end
Algorithm 16 ???????????
??????? x =< xc; xr > ? y =< yc; yr > ????????????????
??????????? z ????????
z =< zc; zr >< xc; xr > = < yc; yr > : (1.69)
function z = midrad-roundupdown-divide (x; y)
? zc = 5

xcyc
(xc   xr) (xc + xr)

? t = 4

1
(xc   xr) (xc + xr)

? ec = 4 (txcyc   zc)
? zr = 4 (t (jxcj yr + xr jycj+ xryr) + ec)
end
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1.4.3 ???????????
?????????????? f ???????????????????????
?????????????? f (x) ?????a 5 x 5 b ??????? x ?????
max
a5x5b
j (f(x))  f(x)j 5 "; (1.70)
?????? " ??????????? \????????????" ????????
??????? f(x) ?????
(1) ???? f+; ;; =g,
(2) sin; cos; exp; log ???????,
(3) ?????????
???????????????????????????? (I; ") ?????I ??
?? " ????????????????????????? Algorithm 17?????
?????
Algorithm 17 (I; ") ????????
????? (I; ") ????????????
(1) (??)
I = I1 + I2 (1.71)
(I1; "1) + (I2; "2) = (I; 4 ("1 + "2 + eps mag (I))) ; (1.72)
(2) (??)
I = I1   I2 (1.73)
(I1; "1)  (I2; "2) = (I; 4 ("1 + "2 + eps mag (I))) ; (1.74)
(3) (??)
I = I1  I2 (1.75)
(I1; "1)  (I2; "2) = (I; 4 ("1mag (I2) + "2mag (I1) + eps mag (I))) ; (1.76)
(4) (??)
I 0 = I1=I2; I 00 = 1=I2; I 000 = I 0  I 00 (1.77)
(I1; "1) = (I2; "2) = (I 0; 4 ("1mag (I 00) + "2mag (I 000) + eps mag (I 0))) : (1.78)
26 ? 1? ??
f(x) ?????????????????????? f(x) ???????????
???????????????????*2?
j (f(x))  f(x)j 5 1
2
ulp ((f(x))) : (1.79)
If ??f (x) ? x ??? I ??????????????????? f ???????
????????I 0f ??f 0 (x) ? x ??? I ???????????????????
f 0 ????????????? f((I; ")) ????????????
If = f (I) ; I 0f = f
0 (I) (1.80)
f((I; ")) = (If ; 4
 
" mag  I 0f+ eps mag (If )): (1.81)
????C++, MATLAB ??????????????????????????
?????????????????????????? f ?????(J; ") ????
Algorithm 18 ??????????????????????
max
a5x5b
j (f(x))  f(x)j 5 " (1.82)
?????? " ???????
Algorithm 18 ?????????????
f () ????????????????????? (a 5  5 b;  2 F)?
?? 1 ?? I = [a; b] ???.
?? 2 x = (I; eps max (jaj; jbj)) ???.
?? 3 (Iy; "y) = f (x) ??????????????????????
?? 4 "y ?????.
*2 ????????? (1.79) ??????????????? CRlibm ????? [2] ????
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1.5 ???????????
1.5.1 ?????????
???????????????????????????????????????
????????????????????? 2????????
 ?????precision?
 ?????accuracy?
??????1?????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
?????????
1.5.2 ??
p = (p1; : : : ; pn)T 2 Fn ???????????????? [3]?
~s := 
 
nX
i=1
pi
!
=)
~s 
nX
i=1
pi
 5 n 1
nX
i=1
jpij : (1.83)
?????n ?
n :=
n  eps
1  n  eps (1.84)
????n  eps < 1 ??????????
s ? S ???????????????
s :=
nX
i=1
pi; (1.85)
S :=
nX
i=1
jpij : (1.86)
??????? p ??????????????????????
cond
 
nX
i=1
pi
!
:=
S
jsj ; s 6= 0: (1.87)
28 ? 1? ??
???????? x = (x1; : : : ; xn)T 2 Fn?y = (y1; : : : ; yn)T 2 Fn ?????? xT y
????????????????
cond
 
xT y

:= 2
jxT jjyj
jxT yj ; x
T y 6= 0: (1.88)
1.5.3 ????????????
1969 ??Knuth ? 2???????? a; b ???????????????????
??Algorithm 19?[4]??????? 19 ??????????????
Algorithm 19 ????????
????????????????
a+ b = x+ y (1.89)
jyj 5 1
2
ulp (x) (1.90)
??????
function [a; b] = TwoSum(x; y)
? a = x y
? c = a	 x
? b = (x	 (a	 c)) (y 	 c)
end
 x ? a+ b ???????????
 x ??? y = a+ b  x ???????????
 y ??????????????????????????
1971 ??????????????????????? Dekker [5]????????
???????????????????????????????????????
Algorithm 20 ????????xh ? xt ?????? x ????????? 26 ???
?????? 26 ????????????????????????????????
??????????????x ? xh ? xt ???????????????????
????
Algorithm 20 ???? Dekker ??????????????? TwoProduct ?
Algorithm 21 ?????????
Algorithm 19 ? Algorithm 21 ?????2???????? a; b ?????????
???????? x ????? y ??? 2?????????? x+y ????????
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Algorithm 20 ??????
?????? x ????????????????????
x = xh + xt (1.91)
jxhj = jxtj (1.92)
??????
function [xh; xt] = Split(x)
? c = (227 + 1)
 x
? xh = c	 (c	 x)
? xt = x	 xh
end
Algorithm 21 ????????
????????????????
a b = x+ y (1.93)
jyj 5 1
2
ulp (x) (1.94)
??????
function [a; b] = TwoProduct(x; y)
? a = x
 y
? [x1; x2] = Split(x)
? [y1; y2] = Split(y)
? b = x2 
 y2 	 (((a	 x1 
 y1)	 x2 
 y1)	 x1 
 y2)
end
???????????????????????????Error-Free Transformations?
????
1.5.4 ???????????????
???????????? VecSum
TwoSum????????????????????????Algorithm 22??
30 ? 1? ??
Algorithm 22 ????????????????
??????????????????
function q = VecSum(p)
q1 = p1
? for i = 2 : n
? ? [qi; qi 1] = TwoSum(pi; qi 1)
end
end
? 1.1 ? n = 5 ??? VecSum ??????????
qn ?????
qn =
nX
i=1
pi; i.e. qn = 
 
nX
i=1
pi
!
(1.95)
????????q1; q2; : : : ; qn 1 ?  (
Pn
i=1 pi) ???????VecSum ?????
p = (p1; p2; : : : ; pn)T 2 Fn (1.96)
????????
q = (q1; q2; : : : ; qn)T 2 Fn (1.97)
? ??????????????????
nX
i=1
pi =
nX
i=1
qi (1.98)
??????
 	  	  	  

    
	    
? 1.1 n = 5 ??? VecSum ??????
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? (1.83)?????VecSum ??????? [6, (4.4)]?
n 1X
i=1
jqij 5 n 1
nX
i=1
jpij : (1.99)
???? K ??????????? SumK
???Rump?????? [6] ????VecSum ??????????????? SumK
??????Algorithm 23??
Algorithm 23 K ????????
(K   1) ????????????????????????? p 2 Fn ???? K ?
??????? ?
function res = SumK(p; K)
for i = 1 : K   1
p = VecSum(p)
end
res = 
 
nX
i=1
pi
!
end
? 1.2 ? n = 5?K = 4 ??? SumK ?????????????
         
    	

? 1.2 n = 5?K = 4 ??? SumK ??????
32 ? 1? ??
???? SumK ????? res ???????????????? [6]?
?? 1 (??? [6])
res ? SumK ?????????????res ????????
jres  sj 5 (eps+ 32n 1)jsj+ K2(n 1)S: (1.100)
?????? s 6= 0 ??????????? res  ss
 5 eps+ 32n 1 + K2(n 1)  cond
 
nX
i=1
pi
!
: (1.101)
???????  res  ss
 . eps+O(epsK)  cond
 
nX
i=1
pi
!
; (1.102)
?????????????SumK ??????? K ????????????????
????????????????????????????????? res ?????
????????????????????????????????? res ????
cond
 
nX
i=1
pi
!
<  K2(n 1)eps  (2neps) Keps (1.103)
??????????????????????????????????
???? L ???????????L ?????????? SumL
???L ???????????????????????? SumL?Algorithm 24?
????
Algorithm 24 L ???????
L ?????????????????? L ????????
function q = SumL(p; L)
for k = 1 : L  1
p(1 : n  k + 1) = VecSum(p(1 : n  k + 1))
qk = pn k+1
end
qL = 
 
n L+1X
i=1
pi
!
end
? 1.3 ? n = 5?L = 3 ???? SumL ?????????????
SumL ????????????
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   
 
 
 
    	
? 1.3 n = 5?L = 3 ???? SumL ??????
?? 2
SumL ???????????
LX
k=1
qk  
nX
i=1
pi
 5 Ln 1
nX
i=1
jpij (1.104)
LX
k=1
jqkj 5 (1 + 2(n 1))
nX
i=1
jpij : (1.105)
? (1.104) ?? SumL ??????? q ? s =
Pn
i=1 pi ??????
PL
k=1 qk   s
s
 . O(epsL)  cond
 
nX
i=1
pi
!
; (1.106)
???????????????s ???
PL
k=1 qk ? L ??????????????
???????????????
1.5.5 ???????????????
?????????????? VecProduct
????????????????x; y 2 Fn ?????? xT y ?
xT y =
2nX
i=1
ti (1.107)
34 ? 1? ??
Algorithm 25 ????????????????
??????? x; y 2 Fn ? xT y = P2ni=1 ti ??????????? t 2 F2n ????
??????
function t = VecProduct (x; y)
r = 0
for i = 1 : n
[hi; ti] = TwoProduct(xi; yi)
[r; tn+i 1] = TwoSum(r; hi)
end
t2n = r
end
???????????????? VecProduct ?Algorithm 25?????
? 1.4 ? n = 4 ??? VecProduct ?????????????
VecProduct ??????????
?? 3
VecProduct ???????????
2n 1X
i=1
jtij 5 n
nX
i=1
jxiyij (1.108)
jt2nj 5 (1 + n)
nX
i=1
jxiyij : (1.109)
   
 
	

		
 
	

		
	

	ﬀﬁ		ﬀ	
 ﬂ  ﬃ   
 !
"
!
"

"

"

#
!
#

#

#

$&% $(' $() $+*
? 1.4 n = 4 ??? VecProduct ??????
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???? K ??????????? DotK
???Rump????? VecProduct ? SumK ?????K ????????????
? DotK ??????Algorithm 26??
Algorithm 26 ?? xT y ???? K ?????
x; y 2 Fn ??? K ?????????? xT y?
function res = DotK (x; y; K)
t = VecProduct(x; y)
res = SumK(t; K   1)
end
?????DotK ????? res ??????????? [6]?
?? 4 (??? [6])
DotK ??????????? res ?????????????
jres  xT yj 5  eps+ 224n 2 jxT yj+ K4n 2jxT jjyj: (1.110)
?? xT y 6= 0 ??????????? res  xT yxT y
 5 eps+ 224n 2 + 12K4n 2  cond  xT y : (1.111)
?? 1 ?????? 4 ??? res  xT yxT y
 . eps+O(epsK)  cond  xT y ; (1.112)
?????DotK ?????????? res ???? K ??????????????
????????????????
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? 2?
???????????????
??
2.1 ?????????????????
????????????????????????????????????????
????????????????????????????????????????
??????????????????????????????????
????????????
 ?????????????????????????????????????
?????????????????? ??????
 ?????????????????????????????????????
???????????????????????????? ?????
 ?????????????????????????????????????
??????????? ??????
???????????
2.1.1 ??
?????????????????????????????
??????????????????????????????????????
??\????????????????????"? \???????????????
?????"??????????????????????????????????
????????
38 ? 2? ?????????????????
????????????
\????????????????????" ?????????????????
????????????????????????????????????????
????
??????????? g (x; y) ?????x; y ?????????????????
?????????????? z ?????
jz   g(x; y)j  eg;x;y (2.1)
?????? eg;x;y ???????????????
z   eg;x;y  g(x; y)  z + eg;x;y (2.2)
???????
Ig;x;y =< z; eg;x;y > (2.3)
?????? Ig;x;y ??????????????????
?????????
 ????????????????????????
 ?????????????????????????????????????
????
?????????
????????????
\????????????????????" ?????????????????
????????????????????????????????????????
??????????
?????????????????? ??????? [x] = [x; x] ?[y] =

y; y

?
???
[z] = [x+ y; x+ y] (2.4)
?????????????????????? TwoSum????
[z; e1] = TwoSum
 
x; y

(2.5)
[z; e2] = TwoSum (x; y) (2.6)
?????e1?e2 ??????[z] ????? z?z ????????????????
?????????????????? z ? z ??????????????????
?????????
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?????????????????????????
 ??????????????????????
 ??????????????????????
?????????
2.1.2 ??????????
????????????
???????? [x] ? [y] ??????????????????????????
????? Algorithm 27 {Algorithm 30 ????
Algorithm 27 ?????????????
??????? x = [x; x] ? y = [y; y] ??????????????????????
???????????? z ????????
z = [z; z]  [x; x] + y; y : (2.7)
function z = infsup-nearest-fast-plus (x; y)
? z = pred
 
x+ y

;
? z = succ (x+ y) ;
end
Algorithm 28 ?????????????
??????? x = [x; x] ? y = [y; y] ??????????????????????
???????????? z ????????
z = [z; z]  [x; x]  y; y : (2.8)
function z = infsup-nearest-fast-minus (x; y)
? z = pred (x  y) ;
? z = succ
 
x  y ;
end
40 ? 2? ?????????????????
Algorithm 29 ?????????????
??????? x = [x; x] ? y = [y; y] ??????????????????????
???????????? z ????????
z = [z; z]  [x; x] y; y : (2.9)
function z = infsup-nearest-fast-times (x; y)
? if x > 0
? if y > 0
? z = pred
 
xy

; z = succ (xy) ;
? elseif y < 0
? z = pred
 
xy

; z = succ (xy) ;
? else
? z = pred
 
xy

; z = succ (xy) ;
? end
? elseif x < 0
? if y > 0
? z = pred (xy) ; z = succ
 
xy

;
? elseif y < 0
? z = pred (xy) ; z = succ
 
xy

;
? else
? z = pred (xy) ; z = succ
 
xy

;
? end
? else
? if y > 0
? z = pred
 
xy

; z = succ
 
xy

;
? elseif y < 0
? z = pred (xy) ; z = succ (xy) ;
? else
? z = min
 
pred (xy) ; pred
 
xy

; z = max
 
succ
 
xy

; succ (xy)

;
? end
? end
end
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Algorithm 30 ?????????????
??????? x = [x; x] ? y = [y; y] ??????????????????????
???????????? z ????????
z = [z; z]  [x; x] = y; y : (2.10)
function z = infsup-nearest-fast-divide (x; y)
? if x > 0
? if y > 0
? z = pred
 
x=y

; z = succ (x=y) ;
? elseif y < 0
? z = pred
 
x=y

; z = succ (x=y) ;
? else
? Error;
? end
? elseif x < 0
? if y > 0
? z = pred (x=y) ; z = succ
 
x=y

;
? elseif y < 0
? z = pred (x=y) ; z = succ
 
x=y

;
? else
? Error;
? end
? else
? if y > 0
? z = pred
 
x=y

; z = succ
 
x=y

;
? elseif y < 0
? z = pred (x=y) ; z = succ (x=y) ;
? else
? Error;
? end
? end
end
42 ? 2? ?????????????????
????????????
???????? [x] ? [y] ??????????????????????????
????? Algorithm 31 { Algorithm 34 ????
Algorithm 31 ??????????????
??????? x = [x; x] ? y = [y; y] ??????????????????????
???????????? z ????????
z = [z; z]  [x; x] + y; y : (2.11)
function z = infsup-nearest-accurate-plus (x; y)
? [z; e1] = TwoSum(x; y);
? [z; e2] = TwoSum(x; y);
? if e1 < 0; z = pred (z) ; end;
? if e2 > 0; z = succ (z) ; end;
end
Algorithm 32 ??????????????
??????? x = [x; x] ? y = [y; y] ??????????????????????
???????????? z ????????
z = [z; z]  [x; x]  y; y : (2.12)
function z = infsup-nearest-accurate-minus (x; y)
? [z; e1] = TwoSum(x; y);
? [z; e2] = TwoSum(x; y);
? if e1 < 0; z = pred (z) ; end;
? if e2 > 0; z = succ (z) ; end;
end
??????interval-times-inclusionzeros ? Algorithm 35 ????
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Algorithm 33 ??????????????
??????? x = [x; x] ? y = [y; y] ??????????????????????
???????????? z ????????
z = [z; z]  [x; x] y; y : (2.13)
function z = infsup-nearest-accurate-times (x; y)
? if x > 0
? if y > 0
? l1 = x; l2 = y; s1 = x; s2 = y;
? elseif y < 0
? l1 = x; l2 = y; s1 = x; s2 = y;
? else
? l1 = x; l2 = y; s1 = x; s2 = y
? end
? elseif x < 0
? if y > 0
? l1 = x; l2 = y; s1 = x; s2 = y
? elseif y < 0
? l1 = x; l2 = y; s1 = x; s2 = y
? else
? l1 = x; l2 = y; s1 = x; s2 = y
? end
? else
? if y > 0
? l1 = x; l2 = y; s1 = x; s2 = y
? elseif y < 0
? l1 = x; l2 = y; s1 = x; s2 = y
? else
? [l1; l2; s1; s2] = interval-times-inclusionzeros(x; y)
? end
? end
? [z; e1] = TwoProduct (l1; l2)
? [z; e2] = TwoProduct (s1; s2)
? if e1 < 0; z = pred (z) ; end;
? if e2 > 0; z = succ (z) ; end;
end
44 ? 2? ?????????????????
Algorithm 34 ??????????????
??????? x = [x; x] ? y = [y; y] ??????????????????????
???????????? z ????????
z = [z; z]  [x; x] = y; y : (2.14)
function z = infsup-nearest-accurate-divide (x; y)
? if x > 0
? if y > 0
? l1 = x; l2 = y; s1 = x; s2 = y;
? elseif y < 0
? l1 = x; l2 = y; s1 = x; s2 = y;
? else
? l1 = x; l2 = y; s1 = x; s2 = y
? end
? elseif x < 0
? if y > 0
? l1 = x; l2 = y; s1 = x; s2 = y
? elseif y < 0
? l1 = x; l2 = y; s1 = x; s2 = y
? else
? l1 = x; l2 = y; s1 = x; s2 = y
? end
? else
? Error
? end
? z = l1=l2
? z = s1=s2
? [d1; e1] = TwoProduct (z; l2)
? [d2; e2] = TwoProduct (z; s2)
? if e1 > 0; z = pred (z) ; end;
? if e2 < 0; z = succ (z) ; end;
end
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Algorithm 35 ?????????????????????
???????????? x = [x; x] ? y = [y; y] ????????????????
??????????????????????
function [l1; l2; s1; s2] = interval-times-inclusionzeros (x; y)
? [t1; t2] = TwoProduct (x; y)
? [t3; t4] = TwoProduct
 
x; y

? if t1 < t3
? l1 = x; l2 = y
? elseif t1 > t3
? l1 = x; l2 = y
? else
? if t2 < t4
? l1 = x; l2 = y
? else
? l1 = x; l2 = y
? end
? end
? [t1; t2] = TwoProduct
 
x; y

? [t3; t4] = TwoProduct (x; y)
? if t1 > t3
? s1 = x; s2 = y
? elseif t1 < t3
? s1 = x; s2 = y
? else
? if t2 > t4
? s1 = x; s2 = y
? else
? s1 = x; s2 = y
? end
? end
end
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2.2 ??????????
2.2.1 ??
???????????????????????????????????????
????????????????????????????????????????
???????????????? a =< ca; ra >; b =< cb; rb > ??????????
??????
a  b < cacb; jcaj rb + jcbj ra + rarb > (2.15)
????????????????????????????????? 1.5 ????
1.17 ?????????????????????????? ???????????
?????????????????????
2.2.2 ???
???????????????????????????????????????
?????????????????????????????? Algorithm 36???
[7]?
Algorithm 36 ?????????
??? a =< ca; ra >; b =< cb; rb > ????????
 = min (jcaj rb; jcbj ra; rarb) (2.16)
?????????????????
a  b =< cacb + sign (cacb); jcaj rb + jcbj ra + rarb    > : (2.17)
Algorithm 36 ????????????????????????????????
??????????? ????????????? min ?????????????
??????????????????????
????????Algorithm 36 ??????????????????????Al-
gorithm 37???????
??????????????
2.2 ?????????? 47
Algorithm 37 ?????????
???? a =< ca; ra >; b =< cb; rb > ???????? ;  ?????
 = fsign (ca)min (jcaj ; ra)g fsign (cb)min (jcbj ; rb)g (2.18)
 = min (jcaj ; ra)min (jcbj ; rb) (2.19)
?????????????????
a  b < cacb + ; jcaj rb + jcbj ra + rarb    > : (2.20)
?? 5 (???)
Algorithm 37 ?????????
ra
ca
=
rb
cb
= 1 +
p
2 (2.21)
????4  2p2 ( 1:172) ????
???
???????????????? 1  1 ????????????? a; b ??
?????????????????Algorithm 37 ? ;  ? Algorithm 36 ?
 ????????????????a; b ???????????????
???????????? R ?
R =
jcaj rb + jcbj ra + rarb   jcaj jcbj
jcaj rb + jcbj ra + rarb  min (jcaj rb; jcbj ra) (2.22)
?????
????
min (jcaj rb; jcbj ra) = jcaj rb (2.23)
??????? R ?
R = 1 +
jcaj rb   jcaj jcbj
jcbj ra   jcaj rb (2.24)
?????????
s1 =
ca
ra
; s2 =
cb
rb
(????ra 6= 0; rb 6= 0) (2.25)
?????0 < s1 < 1?0 < s2 < 1 ???????? R ?
R = 1 + s1
1  s2
1 + s2
(2.26)
48 ? 2? ?????????????????
?????R ? s1 ? s2 ???????????????????
s1 = s2 =
1
1 +
p
2
(2.27)
????
R = 4  2
p
2 (2.28)
????
min (jcaj rb; jcbj ra) = jcbj ra (2.29)
?????????????? 
????????????????????????????
? 2.1 ???????????????
???? ?????
?? ?? ????????
? (2.15) 1.5 ? 1.17 ? ?
Algorithm 36 ?? ?? ?
Algorithm 37 1.17 ? 1.01 ? ?
???????? 1??? 1  1 ?????? (2.15) ? Algorithm 37 ??????
????????????????????????
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????????????
3.1 ??
???????????????????????????????????????
???????????????????????????????????????
?????????????????????? [3, 8] ??????????????
???
Arnoldi ???????????? [9] ? Jacobi ??????????? [10] ???
????????????????????????????????????????
?????????????????????????
??????Rump????????????????????? DotK [6] ????
????????????????????????????????????????
???????????????????? DotK ?????????????????
?????????????
????????DotK ????????????? DotK ????????? PDotK
?????????PDotK ??????????? DotK ?????????????
??????????????
???????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
???????????????????
52 ? 3? ????????????
3.2 ????????????
???????? K ?????????????????????????????
??????SumK????????? PSumK ?????????? DotK?????
???? PDotK ???????
??????????????CPU ?? M ? M  2 ?????????????
???????? CPU ? id ??? 1 ?? M ??????????? 1  id M ?
???
3.2.1 SumK ?????
???SumK ?????? PSumK ???? Algorithm 38????p 2 Fn ????
Algorithm 38 PSumK ???
SumK ?????? PSumK ????
?? 1: M ????????????? p ???? CPU ?????????2  id 
M ??????? CPU ?? c := dn=Me ??????????id = 1 ? CPU
?? n  c (M   1) ?????????????? p(id) ? id ??? CPU??
???????????cid ? p(id) ?????????????
c1  c2 = c3 =    = cM = c: (3.1)
?????
?? 2: SumL(p(id); K) ?????????? q(id) ?????????K ?????
?????? q(id) ???? CPU ????????
?? 3: ??? id ?????q(id) ? id = 1 ? CPU ? ???? q ?????????
???q ??? MK ????? ????
?? 4: id = 1 ? CPU ???? SumK(q; K) ?????
??????????? 2 ???? K ??????? q(id) ? SumL ???????
??????????????????????? K ????????????????
????PSumK ?????????? Algorithm 39????
? 3.1 ? n = 15?K = 3?M = 3 ??? PSumK ??????????
PSumK ????????????????????? (6K   5)c ops ??????
???? (6K   5)(MK   1) ops ?????????ops ????????????
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Algorithm 39 SumK ???????PSumK?
SumK ?????? PSumK?
function res = PSumK (p; K; M)
c = d nM e; c1 = n  c (M   1)
% parallel private (index1; index2)
if id == 1
index1 = 1 : c1
else
index1 = c1 + c (id   2) + 1 : c1 + c (id   1)
end
index2 = K (id   1) + 1 : K  id
q (index2) = SumL (p (index1) ; K)
% end parallel
res = SumK (q; K)
end
????
r1 =
(6K   5)c
(6K   5)c+ (6K   5)(MK   1) 
1
1 + MKc
: (3.2)
??????? cMK ????r1 ? 1 ?????
? (1.86) ?????s ? S ?
s :=
nX
i=1
pi; S :=
nX
i=1
jpij : (3.3)
????????PSumK ??????????????
?? 6
res ? PSumK ????????????????? c := d nM e ???
2maxfc;MKgeps < 1 ??????????????????????
jres  sj  (eps+ 32MK 1)jsj+ 1S: (3.4)
????
1 := (1 + eps+ 32MK 1)
K
c 1 + (1 + 2(c 1))
K
2(MK 1) (3.5)
????????? s 6= 0 ??????????? res  ss
  eps+ 32MK 1 + 1condX pi : (3.6)
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? 3.1 n = 15?K = 3?M = 3 ??? PSumK ??????
???
???? p?p(id)?q?q(id) ??????????????
nX
i=1
pi =
MX
id=1
cidX
i=1
p
(id)
i = s (3.7)
nX
i=1
jpij =
MX
id=1
cidX
i=1
jp(id)i j = S (3.8)
MKX
j=1
qj =
MX
id=1
KX
k=1
q
(id)
k (3.9)
MKX
j=1
jqj j =
MX
id=1
KX
k=1
q(id)k  : (3.10)
???????????
jres  sj =
res 
MKX
j=1
qj +
MKX
j=1
qj   s
 
res 
MKX
j=1
qj
+

MKX
j=1
qj   s
 : (3.11)
???? res = SumK(q; K) ?? (1.100) ???????????res 
MKX
j=1
qj
  eps0

MKX
i=1
qi
+ K2(MK 1)
MKX
i=1
jqij (3.12)
 eps0
 
MKX
i=1
qi   s
+ jsj
!
+ K2(MK 1)
MKX
i=1
jqij ; (3.13)
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????eps0 := eps + 32MK 1 ????? (3.13) ?? (3.11) ????????
?????
jres  sj  eps0jsj+ (1 + eps0)

MKX
i=1
qi   s
+ K2(MK 1)
MKX
i=1
jqij : (3.14)
? (3.7) ?? (3.9) ????????????
MKX
j=1
qj   s
 =

MX
id=1
KX
k=1
q
(id)
k  
MX
id=1
cidX
i=1
p
(id)
i
 
MX
id=1

KX
k=1
q
(id)
k  
cidX
i=1
p
(id)
i
 :
(3.15)
????q(id) = SumL(p(id); K) ? ? (1.104) ?????????????
MKX
j=1
qj   s
 
MX
id=1
 
Kcid 1
cidX
i=1
p(id)i 
!
 Kc 1S: (3.16)
????? (1.105) ?? (3.10) ??????????? (3.8) ??????????
MKX
j=1
jqj j =
MX
id=1
0@ KX
j=1
q(id)j 
1A  MX
id=1
 
(1 + 2(cid 1))
cidX
i=1
p(id)i 
!
(3.17)
 (1 + 2(c 1))S: (3.18)
? (3.16) ?? (3.18) ?? (3.14) ?????????
jres  sj  eps0jsj+
n
(1 + eps0)Kc 1 + (1 + 2(c 1))
K
2(MK 1)
o
S; (3.19)
????? (3.4) ?????? jsj ??????? (3.6) ??????? 
?? 1 ???? SumK ???????????? 6 ? PSumK ???? res ???
???  res  ss
 . eps+O(epsK)  condX pi ; (3.20)
??????? K ???????????????????????????????
????
3.2.2 DotK ?????
????DotK ?????????? PDotK ???? Algorithm 40????
56 ? 3? ????????????
Algorithm 40 PDotK ???
DotK ????????PDotK ????x; y 2 Fn ????
?? 1: M ????????????? x?y ???? CPU ?????????2 
id  M ??????? CPU ?? c := dn=Me ?? x ? y ????????
?????id = 1 ? CPU ?? n  c (M   1) ???????????????
?? x(id)?y(id) ? id ??? CPU?????????????cid ? p(id) ?
????????????
c1  c2 = c3 =    = cM = c: (3.21)
?????
?? 2: ??? CPU ???? t(id) = VecProduct(x(id); y(id)) ???? (x(id))T y(id) ?
??
P2cid
j=1 t
(id)
j ??????
?? 3: SumL(t(id); K   1) ?????????? q(id) ?????????K ????
??????? q(id) ???? CPU ????????
?? 4: ??? id ?????q(id) ? id = 1 ? CPU ? ???? q ?????????
???q ??? MK ????? ????
?? 5: id = 1 ? CPU ???? SumK(q; K) ?????
????PDotK ?????????? Algorithm 41???
????????????? st1 ?????????? x ? y ??????? st2 ?
??????? t ???????????????PDotK ?????????????
?????? (12K + 1)c ops ?????????? (6K   5)(MK   1) ops ???
??????????????????????
r2 =
(12K + 1)c
(12K + 1)c+ (6K   5)(MK   1) 
1
1 + MK2c
: (3.22)
?? 2cMK ???, r2 ? 1 ????.
PDotK ??????????
?? 7
res ? PDotK ?????????c := d nM e ?????2maxfc;MKgeps < 1
???????????????????????res  xT y  (eps+ 32MK 1)jxT yj+ 2jxT jjyj: (3.23)
??????
2 := (1 + eps+ 32MK 1)
K
2c 1 + (1 + 3c)
K
2(MK 1): (3.24)
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Algorithm 41 DotK ???????PDotK?
function res = PDotK (x; y; K; M)
c = d nM e; c1 = n  c (M   1)
% parallel private (idx1; idx2; idx2s; idx3; st1; st2; cid)
if id == 1
st1 = 1; st2 = 1
cid = c1
else
st1 = c1 + c (id   2) + 1; st2 = 2fc1 + c (id   2)g+ 1
cid = c
end
idx1 = st1 : st1+ cid   1
idx2 = st2 : st2+ 2cid   1; idx2s = st2 : st2+ 2cid   2
idx3 = K (id   1) + 1 : K  id   1
t (idx2) = VecProduct (x (idx1) ; y (idx1))
q (idx3) = SumL (t (idx2s) ; K   1)
q(K  id) = t(st2+ 2cid   1)
% end parallel
res = SumK (q; K)
end
????? xT y 6= 0 ?????????????? res  xT yxT y
  eps+ 32MK 1 + 122cond  xT y : (3.25)
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???
???? x(id)?y(id)?t(id)?q?q(id) ???????????????
q
(id)
K = t
(id)
2cid
(3.26)
2cidX
j=1
t
(id)
j = (x
(id))T y(id) (3.27)
MKX
i=1
qi =
MX
id=1
KX
j=1
q
(id)
j (3.28)
MKX
i=1
jqij =
MX
id=1
KX
j=1
q(id)j  : (3.29)
?????
res  xT y =
res 
MKX
j=1
qj +
MKX
j=1
qi   xT y
  jr1j+ jr2j ; (3.30)
?????????
r1 := res 
MKX
j=1
qj ; r2 :=
MKX
j=1
qj   xT y; (3.31)
???????? res = SumK(q; K) ?? (1.100) ?????
jr1j  eps0

MKX
i=1
qi
+ K2(MK 1)
MKX
i=1
jqij (3.32)
 eps0  jr2j+ xT y+ K2(MK 1) MKX
j=1
jqj j ; (3.33)
???????? eps0 := eps+ 32MK 1 ????? (3.33) ?? (3.30) ????
????????????
res  xT y  eps0 xT y+ (1 + eps0) jr2j+ K2(MK 1) MKX
j=1
jqj j : (3.34)
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? (3.26)?? (3.27)?? (3.28) ?????
jr2j =

MX
id=1
KX
k=1
q
(id)
k  
MX
id=1
(x(id))T y(id)
 (3.35)

MX
id=1

KX
k=1
q
(id)
k   (x(id))T y(id)
 =
MX
id=1

KX
k=1
q
(id)
k  
2cidX
j=1
t
(id)
j
 (3.36)
=
MX
id=1


q
(id)
K   t(id)2cid

+
K 1X
k=1
q
(id)
k  
2cid 1X
j=1
t
(id)
j
 (3.37)
=
MX
id=1

K 1X
k=1
q
(id)
k  
2cid 1X
j=1
t
(id)
j
 ; (3.38)
?????? (1.104) ?? (1.108) ????????????
jr2j 
MX
id=1
0@K 12cid 2 2cid 1X
j=1
t(id)j 
1A  MX
id=1
K 12cid 2cid j(x(id))T jjy(id)j (3.39)
 K2c 1jxT jjyj: (3.40)
????? (3.29) ?? (3.26) ???? ?????????
MKX
j=1
jqj j =
MX
id=1
 
KX
k=1
q(id)k 
!
=
MX
id=1
 q(id)K + K 1X
k=1
q(id)k 
!
(3.41)
=
MX
id=1
 t(id)2cid + K 1X
k=1
q(id)k 
!
: (3.42)
? (1.105)?? (1.108) ?????? (1.109) ?????????
MKX
j=1
jqj j 
MX
id=1
 
(1 + cid )j(x(id))T jjy(id)j+ (1 + 4(cid 1))
2cid 1X
i=1
t(id)i 
!
(3.43)

MX
id=1
f1 + cid + cid (1 + 4(cid 1))gj(x(id))T jjy(id)j (3.44)
 (1 + 3c)jxT jjyj: (3.45)
???? c + c(1 + 4c)  3c ????????????2neps < 1?M  2?
4ceps < 1?4c < 13 ??????c + c(1 + 4c)  73c < 3c ?????
? (3.40) ?? (3.45) ?? (3.34) ???????res  xT y  eps0jxT yj+ n(1 + eps0)K2c 1 + (1 + 3c)K2(MK 1)o jxT jjyj;
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????? (3.23) ?????? jxT yj ?????? (3.25) ??????? 
?? 4 ???? DotK ???????????? 7 ? PDotK ???? res ???
???  res  xT yxT y
 . eps+O(epsK)  cond  xT y ; (3.46)
??????? K ???????????????????????????????
????
c n?MK  n ????? (3.4) ?? (3.25) ?????? ? (1.100) ?? (1.111)
??????????????? K = 2 ???? PSumK ? PDotK ? [6] ????
Sum2 ? Dot2 ??????????
3.3 ????
????????????????????? PDotK ??????????????
??4???????????????????? Xeon 2.80GHz (1024KB ?????)
?????????? 9:0 ??????????????????? 8 ?? CPU ???
??????
??????????? IEEE 754-1985 ???? ????????????????
????????????????????? -O3 ? -axW -xW ??????????
???????? TwoSum ? TwoProduct ????????????????? -mp
???????????????????????????????????????
OpenMP ??????????????????????????? -openmp ????
???????
??
???? R1 ?????? R ??????
R1 :=
T1
TM
; R :=
R1
M
; (3.47)
?????????????? TM ? M (1 M  8) ?? CPU ??????????
?????R1 ?????????????????????????????????
??????????
TM = C +
T1
M
; (3.48)
????????? C ????????????????????????
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PDotK ?????????????? OpenMP ????????????????
???????????n = 104?106?108 ???????? Algorithm 42 ?????
??????????????
Algorithm 42 ??????????????
pi 2 F ????
Pn
i=1 pi ????????????????PSum?
function s = PSum(p)
s = 0
% parallel for
for i = 1 : n
s = s+ pi
end
end
???????? 3.2 ?? 3.3 ????
? 3.2 ?? 3.3 ????????????????????????????????
????????????????????????????????? [11] ?????
???????? n ??????????????????????????????
???????????
?????????????????????????????????????
?Algorithm 43?????
Algorithm 43 ?????n ?????????????? x ? y ?????????
???????n????????????????????? cnd = 2400  2:58 10120
?????????? L = 16 ????[ 1; 1] ???????????????????
?????? a; b 2 Fm 1 ??????1  i  m   1 ???? ri := mod(i; 16) ??
?????????ri = i  bi=16c  16?ci := ai  Epsri ?????????
x =
 
1; c1; c2; : : : ; cm 1; cnd 1; 1; c1; c2; : : : ; cm 1
T 2 Fn (3.49)
y = (1; b1; b2; : : : ; bm 1; 1; 1; b1; b2; : : : ; bm 1)
T 2 Fn; (3.50)
??????n = 2m+ 1 ????????? xT y ???? cnd 1 ????n ????
??? x ? y ????????????
PDotK ????????????DotK ?????? PDotK ???????????
?????????? [6] ????
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1
? 3.4 K = 2; 4; 8 (n = 1; 000, M = 4) ???? PDotK ???????????????
PDotK ?????
????? 7 ? PDotK ????????????????????????????
????Algorithm 43 ???? n = 1; 000 ?????cnd ? 2 ?? 10140 ?????
???????? (3.25)??M = 4? K = 2; 4; 8 ??? PDotK ??????????
?????? 3.4 ????????? K ???? `est' ????????? K ????
?????? (3.25) ????
? 3.4 ??? PDotK ? ??? K ???? ??????? (3.25) ????????
???????????
PDotK ???????????
????n = 106?108 ???? PDotK ?????????????????????
Algorithm 43 ???? cnd = 2400  2:58  10120 ????PDotK ???? K = 2; 4; 8
?????PDotK ??????? 3.1 ????????? 3.5 - ? 3.8 ? PDotK ??
??????????????? n = 106?108 ??? DotK ??????????
? 3.1?? 3.5?? 3.6?? 3.7?? 3.8 ???????????
 ????? n ? K ???????????????????????????
64 ? 3? ????????????
?????????????????????????????
 M = 2 ? n  106 ??? PDotK ????????????????????
 M = 3; 4 ????????????????????M ???????????
???????
 M  5 ?????????????????????????????????
?????? M ???????????????
???? PDotK ????? K ?????? M = 2 ??????????M  4 ?
????????????????
3.3 ???? 65
Algorithm 43 ???????????????????
?? xT y ???????????????????? x; y ?????????
function [x; y] = GenDot2(n; c)
m = oor(n=2);
e = 2 24;
L = oor(log(c)=  log(e));
if mod(n; 2) == 0
r = mod(1 : m  2; L);
d = randn(1;m  2)er;
x = [1; d; 0:5c 1;  1;  d; 0:5c 1]0;
b = randn(1;m  2);
y = [1; ; b; 1; 1; b; 1]0;
else
r = mod(1 : m  1; L);
d = randn(1;m  1)er;
x = [1; d; c 1;  1;  d]0;
b = randn(1;m  1);
y = [1; b; 1; 1; b]0;
end
end
? 3.1 n = 106?108 ???? PDotK ?????????
n = 106 n = 108
M K = 2 K = 4 K = 8 K = 2 K = 4 K = 8
1 3.43E 02 7.86E 02 1.68E 01 3.38E+00 7.83E+00 1.67E+01
2 1.71E 02 3.93E 02 8.36E 02 1.70E+00 3.91E+00 8.32E+00
3 1.21E 02 2.64E 02 5.57E 02 1.20E+00 2.65E+00 5.60E+00
4 1.00E 02 2.14E 02 4.43E 02 9.68E 01 2.11E+00 4.38E+00
5 1.07E 02 2.43E 02 5.14E 02 1.05E+00 2.40E+00 5.09E+00
6 1.00E 02 2.36E 02 5.57E 02 9.76E 01 2.35E+00 5.12E+00
7 1.07E 02 2.43E 02 5.07E 02 1.05E+00 2.43E+00 5.21E+00
8 1.00E 02 2.21E 02 4.57E 02 9.80E 01 2.26E+00 4.81E+00
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? 4?
?????????????
4.1 ??
???????????????????????????????????????
????????????????????????????????????????
????????????????????????????
I =
Z b
a
f(x)dx =
Z b
a
g(x)
(x  a)1 (b  x)1  dx: (4.1)
?????????????????????? ;  ????
g(x) = f(x)(x  a) 1(b  x) 1 (4.2)
????????????????????????????????????????
????????????????????????????????? [12]?????
?????????????????Z b
a
f(x)dx =
Z 1
 1
f ('(t))'0(t)dt: (4.3)
???????? x = '(t) ?????????????????? (4.3) ??????
???????? (4.1) ???????????????? '(t) ?
'a;b(t) =
b  a
2
tanh

2
sinh t

+
a+ b
2
(4.4)
?????????????????????????????????Z b
a
f(x)dx  h
NX
k= M
f ('a;b(kh))'0a;b(kh): (4.5)
70 ? 4? ?????????????
????????????????????????????????? [12]-[15]??
????????????????????????????????????????
?????????????? [16] ???????????????????????
??????????????????????????????????
???????????????????????????????????????
??????????????????????????????????????? h
? n ????????????? h ???????????????????????
????n ???????????????????????? (4.1) ????????
?????????????????????????
I =
Z b
a
f(x)dx 2 ~I;
I   ~II
 5 rad(~I)jIj 5 "rel; (4.6)
????????? ~I ???????????????????? "rel ???????
???????????? rad(~I) ? ~I ??????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
???????????
4.2 ????????????????
??
??? (a; b) ?????? f(x) ??? x = a ??? x = b ???????????
?????????????? f ????????????????
x = '(u) (4.7)
?? (4.1) ??????????????'(u) ??? ( 1;1) ???????????
??? '(x) ?
x < y =) '(x) < '(y) (4.8)
a = '( 1) b = '(+1) (4.9)
????????????????????? I ?
I =
Z 1
 1
f('(u))'0(u)du; (4.10)
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???? f('(u))'0(u) ??????????????????????? (4.10) ???
????? h ????????????? (4.1) ?????
Ih := h
1X
k= 1
f('(kh))'0(kh): (4.11)
???????????????????????????????Ih ???????
????
Ih;n := h
nX
k= n
f('(kh))'0(kh): (4.12)
????n ???????????h ???????????????????????
d ??????????????? Dd ???????????
Dd = fz 2 C : jIm zj < dg : (4.13)
?????????????
' (Dd) =

z 2 C : ' 1 (z) 2 Dd
	
(4.14)
=
8<:z 2 C :
arg
24 1

loge

z   a
b  z

+
s
1 +

1

loge

z   a
b  z
235 < d
9=; :
(4.15)
??????????? [16]?
?? 1
K, ,  ??????????????LK;; (' (Dd)) ??0 < d < =2 ????
' (Dd) ????????? f ?????????? z 2 ' (Dd) ??????????
???
jf(z)j 5 K jz   aj 1 jb  zj 1? (4.16)
?? 1
1. K, ,  ?????????0 < d < =2 ??? ' (Dd) ?? g ???????
??
jg (z)j 5 K; (4.17)
???? z 2 ' (Dd) ??????????????????f 2 LK;; (' (Dd))
????
2. Eiermann [17] ?????????? K ?????????????????
72 ? 4? ?????????????
? (4.1) ????????????????????????
I =
Z 1
 1
g('(u))(u)du? (4.18)
????
(u) =

2

b  a
2
+ 1
cosh(u) (1 + ' 1;1(u))
 (1  ' 1;1(u)) ; (4.19)
????' 1;1(u) ?? (4.4) ?????????????????
'0(u) =
(b  a)
4
cosh(u) (1 + ' 1;1(u)) (1  ' 1;1(u)) ; (4.20)
???????
??? I ?
Ih;n = h
nX
k= n
g('(kh))(kh); (4.21)
???????? (4.12) ?? (4.21) ???????????????? (4.21) ???
????????? (4.12) ?????????????????????????
????????
jI   Ih;nj; (4.22)
????????????????????
jI   Ih;nj 5 jI   Ihj+ jIh   Ih;nj: (4.23)
????????????
ED(h) = jI   Ihj (4.24)
ET (h; n) = jIh   Ih;nj; (4.25)
????ED(h) ? ET (h; n) ???????????????????????????
???
jI   Ih;nj 5 ED(h) + ET (h; n): (4.26)
ED(h) ? ET (h; n) ???????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????????????????????????????????????????
????
??????????????????????????????????????
???
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?? 1 (??? [16, Lemma 4.16])
f 2 LK;; ('(Dd))? = min f; g ?????????
jEDj =

Z b
a
f(x)dx  h
1X
j= 1
f (' (jh))'0(jh)
 (4.27)
5 C1C2
e 2d=h
1  e 2d=h ; (4.28)
?????????? C1?C2 ??????
C1 =
2K(b  a)+ 1

; (4.29)
C2 =
2
cos+(2 sin d) cos d
: (4.30)
????
??????????????????????????
?? 2 (??? [16, Lemma 4.17])
?? 1 ??????????????????? = max f; g, n ?????
M ? N ? (
M = n; N = n  bloge(=)=hc (if  = )
N = n; M = n  bloge(=)=hc (if  = )
(4.31)
??????????????????????????
jET j 5
h
 M 1X
j= 1
f (' (jh))'0(jh)
+
h
1X
j=N+1
f (' (jh))'0(jh)
 (4.32)
 e2 C1e 2  exp(nh): (4.33)
??? ?? C1 ?? (4.29) ???????????
?????????????????????????
?? 8 (??? [16, Theorem 2.11])
f 2 LK;; ('(Dd)),  = min f; g,  = max f; g ????n ? n =
(e) =(4d) ???????? h ?
h = p(n) =
loge (4dn=)
n
: (4.34)
74 ? 4? ?????????????
????????????? M ? N ?? (4.31) ??????????????
????????????
Z b
a
f(x)dx  h
NX
k= M
f ('(kh))'0(kh)
 5 jEDj+ jET j
5 C1

C2
1  e 2 e + e

2 

e 2dn= log(4dn=):
(4.35)
?????? C1 ? C2 ? ? (4.29) ? ? (4.30) ???????????
????????
???????????????????????????????????????
??????ED ? ET ????????????????? jEDj + jET j ?????
??????????????? h ? n ?????????????
?????????????????
?? 9
f 2 LK;; ('(Dd)),  = min f; g? = max f; g ???"abs ?????
??????? M ? N ? ? (4.31) ??????????????? C1 ? C2
? ? (4.29) ?? (4.30) ?????????????? h ? ??? n ?
h =
2d
loge

1 +
2C2
"abs
 ; (4.36)
n =

1
h
loge

2

loge

2e

2 
"abs

; (4.37)
???????
Z b
a
f(x)dx  h
NX
k= M
f ('(kh))'0(kh)
 5 C1"abs (4.38)
??????
???
?? 1 ??? 2 ??????
jEDj+ jET j 5 C1

C2
e 2d=h
1  e 2d=h + e

2 e 

2  exp(nh)

(4.39)
= C1( ~ED + ~ET ); (4.40)
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???????? ~ED ? ~ET ?
~ED = C2
e 2d=h
1  e 2d=h ; (4.41)
~ET = e

2 e 

2  exp(nh): (4.42)
??????????
~ED 5
"abs
2
; (4.43)
~ET 5
"abs
2
; (4.44)
???????
jEDj+ jET j 5 C1

~ED + ~ET

5 C1"abs; (4.45)
???? ~ED ? h ????????????? (4.43) ? ~ED ??????
C2
e 2d=h
1  e 2d=h 5
"abs
2
; (4.46)
????????
e 2d=h 5 "abs
2C2 + "abs
; (4.47)
???????
????? h ?
h 5 2d
loge

1 +
2C2
"abs
 =: hm; (4.48)
???????? (4.43) ???????
?? ~ET ??????
e

2 e 

2  exp(nhm) 5 "abs
2
(4.49)
????? (4.44) ? ????????????????
 
2
 exp(nh) 5 loge
"abs
2e

2 
; (4.50)
???????n ??????????
n = 1
h
loge

2

loge
2e

2 
"abs

: (4.51)
????h ?????????????????????
n =

1
h
loge

2

loge
2e

2 
"abs

; (4.52)
???????? (4.44) ???????
?????????????????? (4.38) ??????? 
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R1 (Theorem 1)
R2 (Theorem 2 [Proposed] )
? 4.1 ? (4.53) ????????? R1 ? R2 ????
?? 8 ??? 9 ??????????????????????????????
h ? n ????????????? 8 ? ~ED ? ~ET ???????????? 9??
ED = ET ?????? h ? n ?????????
????????????????? d = 1:0? =  = 1 ????????????
? "abs ?????????????? 8 ???? n ? h ? h1 ? n1??? 9 ????
??? h2 ? n2 ??????
Ri("abs) = log10
 
~ED(hi; ni)
~ET (hi; ni)
!
; (i = 1; 2): (4.53)
???????? ? 4.1 ????????? "abs ???????? R1 ???????
????????????R2 ??? 1 ???????????????
???? n2 ? n1 ?????????????????????? (4.35) ?? n1 ?
n1 =

1
2d

loge (C3"abs)W


loge (C3"abs)

; (4.54)
?????????W (z) ? Lambert ? W ?????? C3 ?
C3 = 1=

C2
1  e 2 e + e

2 

; (4.55)
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??????????? (4.38) ?? n2 ?
n2 =

1
2d

loge

1 +
2C2
"abs

loge

2

loge

2e

2 
"abs

; (4.56)
??????????
??? K = 105 ? K = 1020 ?????????? d = 1:0? =  = 0:5 ????
? 4.2 ?? 4.2 ??????????? n1?n2 ???????????????? K
??????????n2 ? n1 ??????????????????????
?? 2
1. ?? f ???????????????? K ????? 0 ?? 1020 ??????
??? g ???????????????K ?????????????????
2. ?? K ????????? n1 ? n2 ???????????????????
????? n2 ? n1 ??????
4.3 ?????????????
???????????????????????????????????????
?? 9 ????????????????? Algorithm 44????
?????? (4.1) ?????????????????? Algorithm 45 ?????
?? g ??? ?  ?????????????????????????? "rel ???
????????????? jIj ????????????????????Algorithm
45? I   IcI
 5 "rel: (4.57)
??????? Ic ????????????????
jI   Icj 5 C: (4.58)
??????? Ic ??????? C ?????????
????InclusionIntegral ? Algorithm 46 ????
?? 3
1. ?? d ??K ??????? Dd ??????????? Eiermann ?????
? [17]????? d ???????????????????????????
???????????? K.Petras ???????? [18]??????????
???????? d ? 1:0 ?????????
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Algorithm 44 ?? 9 ?????????
function Ic = CondTheorem("; C2; C2; ; ; d)
 = minf; g;
 = maxf; g;
[h; h] =
2d
loge

1 +
2[C2; C2]
"
 ;
n =

1
[h; h]
loge

2

loge

2e

2 
"

;
if  = ;
M = n;
N = n  b5(loge(=)=h)c;
end;
if  = ;
M = n  b5(loge(=)=h)c;
N = n;
end;
Ic = h
NX
i= M
f ('(ih))'0(ih);
end;
2.
Ic = CondTheorem("; C2; C2; ; ; d): (4.63)
????????? h(M +N)Er 5 Er ?????? 2 ????????????
jI   Icj 5 4(h(M +N)Er + C1")
5 4(Er + C1"):
3. ?? InclusionIntegral ? s = 1 ???????I   IcI
 5 ejIj 5 ej jIcj   ej 5 "rel (4.64)
??????????? s = 0 ???????
jI   Icj 5 e 5 2Er : (4.65)
????????
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Algorithm 45 ?????????????
?? 1 Algorithm 18 ????? (4.18) ??? g ('(t))(t) ???????????
???????????????? g ('(t)) ???????????? 1 ???
? (x) ? jxj > 3:2 ??????????????J = [ 3:2; 3:2] ??????
????
Er = rad(J) Er = 6:4Er; (4.59)
????
?? 2 d ????K ??????K ???????????????????????
????? [17]?
C1 =
2K(b  a)+ 1

(4.60)
C2 =
2
cos+(2 sin d) cos d
(4.61)
??????????C1 2 [C1; C1] ? C2 2 [C2; C2] ????
?? 3 " = 5(Er=C1) ?????????
[Ic; e; s] = InclusionIntegral("rel; "; C1; C2; C2; ; ; d); (4.62)
??????
4.4 ????
??????????????????????? Intel Core 2 Extreme 3.0 GHz
CPU?8G ???????????????????C++ ?? (GCC 4.1.2 ?CRlibm 1.0
beta [2]) ? Fedora Core 8 Linux ?????????CPU ?????????????
????????????????????????????????????
(A) ???????????????? (Algorithm 45)?
(B) ???????? 9 ????????????????
(C) ?? [19] ?????????????
??? (A) ? (B) ??????????????????????????????
(4.1) ????????????????????????????? (C) ???? (4.1)
???????????????????????????????????????
(A) ? (B) ??????????????? (B) ?????????????????
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Algorithm 46 InclusionIntegral
function [Ic; e; s] = InclusionIntegral("rel; "; C1; C2; C2; ; ; d)
while 1;
Ic = CondTheorem("; C2; C2; ; ; d);
e = 4(Er + C1");
If jIcj > e;
" = 5

1
2
 "rel(jIcj   e)
C1

;
e = 4(Er + ");
If " > Er ;
Ic = CondTheorem("; C2; C2; ; ; d)
s = 1;
else;
Ic = CondTheorem(Er ; C2; C2; ; ; d)
s = 0;
end;
break;
else;
" = "  "rel
If Er > 4
 
C1"

;
e = 4(Er + C1");
Ic = CondTheorem(5
 
Er=C1

; C2; C2; ; ; d)
s = 0;
break;
end;
end;
end;
????????????? (A) ????????????????????????
???????????????????????????
? 1
I1 =
Z 1
0
 
x25 + x24 +   + x+ 1 exp(x)p
x
dx (4.66)
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f ???  ?  ?  = 0:5 ?  = 1:0 ???????????????? 2 ????
????? d ? 1:0 ???????? (A) ? (B) ?????????????????
?????????????????? (C) ????????????????????
??????????????????
? 4.4 ? I1 ??????? (A)-(C) ??????????????????????
??????????????????????????? (A) ?????? ??? (B)
????????? 3??? 10????????????????????? (A) ??
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(A) Proposed verified inclusion algorithm (Algorithm 2)
(B) A verification algorithm consists of interval arithmetic and Theorem 2
(C) The automatic integration software developed by T. Ooura
? 4.4 ? 1 ?????
? 2
I2 =
Z 1
0
sin(exp(x))p
x
dx (4.67)
? 2 ??  = 0:5? = 1:0?d = 1:0 ??????? 4.5 ?? I2 ???????
(A)-(C) ????????????????????????????????????
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????????????? (A) ?????? ??? (B) ????????? 3???
10????????????????????? (A) ?????? ??? (C) ????
????????????????????????
???????????????????????????????????????
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(B) A verification algorithm consists of interval arithmetic and Theorem 2
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